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Abstract. We review some quantum electrodynamical effects related to the
uniform acceleration of atoms in vacuum. After discussing the energy level
shifts of a uniformly accelerated atom in vacuum, we investigate the atom-wall
Casimir-Polder force for accelerated atoms, and the van der Waals/Casimir-Polder
interaction between two accelerated atoms. The possibility of detecting the Unruh
effect through these phenomena is also discussed in detail.
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1. Introduction
One of the most interesting phenomena in quantum field theory is the so-called Unruh
effect [1, 2], stating that a uniformly accelerated detector in the Minkowski quantum
vacuum experiences a thermal bath at a temperature proportional to its acceleration.
In qualitative terms, this phenomenon originates from time-dependent Doppler shifts
of the field detected by the accelerated detector [3]. Unfortunately, this effect is very
tiny, and there is not yet an experimental evidence of it. In fact, an acceleration of
the order of 1022 cm/s2 would be necessary to obtain Unruh radiation corresponding
to the temperature of 1 K [2]. The question of the perception of the quantum vacuum
in accelerated frames remains a widely debated problem. In this paper we discuss and
review some effects related to a uniform acceleration of atoms in the vacuum space, in
the framework of quantum electrodynamics. After considering the radiative level shifts
of a uniformly accelerated atom in vacuum, we focus on the atom-wall Casimir-Polder
interaction for an accelerated atom, as well as on the van der Waals/Casimir-Polder
interaction between two accelerating atoms. We are interested to investigate if thermal
effects due to the acceleration, may produce observable effects in such physical systems.
This is indeed expected because the Lamb-shift and the Casimir-Polder interactions
are directly related to vacuum field fluctuations [4, 5, 6]. This suggests the possibility of
detecting the Unruh effect through a measurement of the Casimir-Polder interactions
for atoms accelerating in the vacuum space.
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The paper is organized as follows. In Section 2, we review the Lamb-shift of
a uniformly accelerated hydrogen atom in vacuum, in terms of vacuum fluctuations
and radiation reaction field. Section 3 is devoted to the Casimir-Polder force between
an accelerated atom and a conducting wall, both in the case of the scalar and the
electromagnetic field. Finally, in Section 4 we investigate the atom-atom van der
Waals/Casimir-Polder force between two accelerating atoms.
2. Energy level shifts for an accelerated hydrogen atom
Let us consider a hydrogen atom moving with uniform acceleration and interacting
with the quantum electromagnetic field in the vacuum state. The Hamiltonian
describing the atom-field interaction in the instantaneous inertial frame of the atom,
in the multipolar coupling scheme is [7, 8]
H(τ) = HA(τ) +HF(τ) +HI(τ) , (1)
with
HA(τ) = ~
∑
n
ωnσnn(τ), (2)
HF(τ) = ~
∑
kj
ωka
†
kjakj
dt
dτ
, (3)
HI(τ) = −e
∑
mn
rmn · E(x(τ))σmn(τ) , (4)
where τ is the proper time and σℓm = |ℓ〉〈m|, |n〉 being a complete set of atomic states
with energy ωn. µ = er is the atomic electric dipole moment. Also, x = (t,x)
is the space-time coordinate of the atom and kj the wave vector (j = 1, 2 is
the polarization index). We are interested in investigating the energy level shifts
of the uniformly accelerated atom. Exploiting the general procedure in [9, 10],
we consider the contributions of vacuum fluctuations and radiation reaction field
(indicated respectively with the subscripts vf and rr) to the atomic level shifts of
the accelerated atom. These quantities, at second order in e, are [10]
(δEa)vf = −
ie2
~
∫ τ
τ0
dτ ′CFℓm(x(τ), x(τ
′))(χAℓm)a(τ, τ
′), (5)
(δEa)rr = −
ie2
~
∫ τ
τ0
dτ ′χFℓm(x(τ), x(τ
′))(CAℓm)a(τ, τ
′), (6)
where C
F(A)
ℓm and χ
F(A)
ℓm are the symmetric correlation function and the linear
susceptibility of the field (atom), respectively. Using the appropriate statistical
functions of atom and field [11], after some algebra, it is obtained [7]
(δEa)vf =
e2
3πc3
∑
b
|〈a|r(0)|b〉|2
∫ ∞
0
dω ω3
(
1 +
a2
c2ω2
)
× coth
(πc ω
a
)
P
(
1
ω + ωab
−
1
ω − ωab
)
, (7)
(δEa)rr = −
e2
3πc3
∑
b
|〈a|r(0)|b〉|
2
∫ ∞
0
dω ω3
× P
(
1
ω + ωab
+
1
ω − ωab
)
, (8)
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where the index a and the relative ket indicate a generic atomic state, ωab = ωa− ωb,
a is the acceleration, and the limit τ − τ0 to infinity has been taken.
We first note from (8) that the radiation reaction contribution to the energy
level shift does not depend on the atomic acceleration; it is identical to that obtained
in the inertial case. This result is expected: in fact the field emitted by the atom
propagates with the velocity of light, and the only moment it can act back on the
atom is precisely the same time it is emitted. Thus, radiation reaction contribution
is not influenced by the atomic motion. As we shall discuss in the next Section, the
situation radically changes in the presence of boundaries, such as a reflecting mirror.
On the other hand, the contribution of vacuum fluctuations depends explicitly on the
acceleration, through the presence of the thermal term coth(πc ω/a), linked to the
Unruh temperature T = ~a/2πckB, and of an extra term proportional to a
2. This
result indicates that the atomic acceleration induces observable effects in the energy
shifts and in the observable Lamb shift.
The appearance of a nonthermal term proportional to a2 is related to a similar
term appearing in the correlation function of the electric field in the accelerated frame.
It is possible to show that, for a ground-state hydrogen atom, thermal and non-thermal
terms are comparable for a ∼ 1025 cm/s2 [7]. This is the also the typical acceleration
required to detect the Unruh effect for such a system by measuring atomic level shifts.
3. The atom-wall Casimir-Polder interaction for accelerated atoms
The same physical arguments given in the previous Section indicate that also the
Casimir-Polder interaction between a uniformly accelerated atom and a perfectly
reflecting plate could make manifest the Unruh effect. Corrections to the atom-wall
Casimir-Polder force due to the acceleration of the atom, have been calculated in the
scalar field case [12]. It has been shown that such corrections are relevant only for
accelerations of the order of 1024 cm/s2, confirming the necessity of extremely high
accelerations for a detection of the Unruh effect. This calculation can be extended to
the more realistic case of a uniformly accelerated hydrogen atom, interacting with the
quantum electromagnetic field in the presence of a perfectly reflecting mirror [13, 14].
Let us consider an atom moving with uniform acceleration in a direction parallel to
the mirror. In analogy with the case of an atom at rest near a plate, the atom-wall
Casimir-Polder interaction can be obtained considering only the z-dependent terms
in the expression of the energy level shift. As before, we evaluate the contribution
of vacuum fluctuations and of the radiation reaction field to the energy shift of the
atomic level, in the presence of a conducting plate. After some lengthy algebra, it is
found [13]
(δEa)
(b.c.)
vf = −
1
8π2c3
∑
b
(
µabℓ µ
ba
m
) 1
(2z0)3
P
∫ ∞
0
dωKℓm(ω; z0, a)
× coth
(πc ω
a
)( 1
ω + ωab
−
1
ω − ωab
)
(9)
and
(δEa)
(b.c.)
rr =
1
8π2c3
∑
b
(
µabℓ µ
ba
m
) 1
(2z0)3
P
∫ ∞
0
dω
×Kℓm(ω; z0, a)
(
1
ω + ωab
+
1
ω − ωab
)
, (10)
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where the superscript (b.c.) stands for boundary conditions, z0 is the atom-wall
distance and Kℓm(ω; z0, a) is a function containing a combination of sinusoidal
functions, which takes into account the presence of the conducting plate [13].
We now briefly comment the results obtained. Equation (9) clearly shows that the
contribution of vacuum fluctuations contains not only a thermal correction due to the
factor coth(πc ω/a), but also an extra term proportional to the function Kℓm(ω; z0, a).
This function modulates the Casimir-Polder interaction as a function of the atom-plate
distance z0 and of the atomic acceleration a. On the other hand, Equation (10) shows
that the radiation reaction term is sensitive to the atomic acceleration. This behavior
is not surprising. When a boundary is present, the field emitted by the atom can
act back on the atom after a reflection on the conducting plate. Since the atom
accelerates, in the time-interval between the emission and the subsequent absorption
of the reflected field, the atom has moved from its position of a distance depending on
its acceleration. This gives rise to a dependence of the radiation reaction contribution
on the atomic acceleration. The expression for the total atom-wall Casimir-Polder
interaction for the accelerated atom, is obtained by summing (9) and (10). It is easy
to show that in order to reveal effects of acceleration on the atom-wall Casimir-Polder
interaction, accelerations of the order of 1024cm/s2 are necessary, as in the case of the
energy shift of an atom in the unbounded space. This makes very difficult to observe
the effects of the acceleration through the Lamb shift or the atom-wall Casimir-Polder
interactions. As we shall show in the next Section, the situation seems different when
we consider the van der Waals/Casimir-Polder interaction between two accelerated
atoms.
4. van der Waals/Casimir-Polder interaction energy between two
accelerated atoms
We now discuss the effect of the uniform acceleration on the van der Waals interaction
(both in the non-retarded and in the Casimir-Polder regime) between two atoms in
their ground state moving parallel to each other, with the same uniform acceleration
perpendicular to their distance. A first approach to this problem can be done by
extending a procedure developed in [15] for the Casimir-Polder interaction at finite
temperature, to the case of accelerated atoms, on the basis of the equivalence between
temperature and acceleration expressed by the Unruh effect. Following this method
one finds, in the low acceleration limit (a≪ ω0c), a qualitative change of the distance
dependence of the interaction energy due to the acceleration in the far zone, and a
correction in the near zone [16]. This result suggests that investigating the behavior
of the van der Waals force could give evidence of the Unruh effect.
An alternative and more fundamental approach to this problem is obtained by
generalizing a heuristic model for the van der Waals interactions, already used for
atoms at rest [6, 17, 18, 19] and in the presence of boundary conditions [20], to the
case of accelerating atoms [21]. In such model the interaction energy arises from
the dipolar interaction between the (instantaneous) oscillating dipole moments of
the atoms, induced and spatially correlated by the zero-point electromagnetic field
fluctuations. The dipole fields are treated classically while the quantum nature of the
radiation is included in the spatial correlations of the electric field related to vacuum
fluctuations.
We start calculating the electric and the magnetic field of an accelerating dipole
(atom A) in the position of the other dipole (atom B) at the retarded time [22].
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These fields are then Lorentz-transformed to the co-moving frame of the atoms, that
is a locally inertial frame. The interaction of the field emitted by atom A with atom
B, related to the dipole moments correlation and thus to the spatial correlations of
vacuum field fluctuations, is then calculated in this frame and expressed in terms of
physical quantities in the laboratory frame. We finally get the following expression of
the interaction energy, at time t (the atoms are assumed at rest at t = 0) [21]
〈∆E˜〉 = ∆Er +
a2t
2c3
~c
πR3
∫ ∞
0
α(A; iu)α(B; iu)
×
(
3 +
4
uR
+
2
u2R2
)
u2 exp[−2uR] du
+
a2t2
6c2
~c
πR2
∫ ∞
0
α(A; iu)α(B; iu)
(
−1 +
4
uR
+
8
u2R2
+
8
u3R3
+
4
u4R4
)
u4 exp[−2uR] du , (11)
where
∆Er = −
~c
πR2
∫ ∞
0
α(A; iu)α(B; iu)
[
1 +
2
uR
+
5
u2R2
+
6
u3R3
+
3
u4R4
]
u4 exp[−2uR] du (12)
is the well-known van der Waals potential energy for two atoms at rest [5, 6]. α is the
atomic dynamical polarizability and R the interatomic distance.
From (11) it is possible to show that in the near zone, an acceleration-dependent
term proportional to R−5 adds to the usual R−6 term, while in the far zone a term
proportional to R−6 adds to the usual R−7 behavior. There are also acceleration-
dependent corrections to the usual R−6 (near zone) and R−7 (far zone) terms. These
corrections depend on the product at; thus, by taking sufficiently long times, significant
changes to the interaction energy could be observed even for reasonable values of the
acceleration. For example, if we consider a2t2/c2 ≃ 0.2, the correction term is about
10% in near zone and 1% in far zone; taking t ≃ 10−3 s, we obtain a ∼ 1013 cm/s2, an
acceleration several orders of magnitude smaller than that necessary to observe the
Unruh effect in the cases discussed in the previous Sections.
A different formal approach to the problem can be based on an extension of
the method used in Sections 2 and 3 to the fourth-order in the coupling, allowing
separation of vacuum fluctuations and radiation reaction contributions to the Casimir-
Polder interaction between two accelerated atoms. For atoms interacting with a scalar
field, we obtain, after lengthy algebra, the following expression for the contribution of
vacuum fluctuations to distance-dependent energy level shifts [23]
(∆E)vf = 4iµ
4
∫ τ
τ0
dτ ′
∫ τ ′
τ0
dτ ′′
∫ τ ′′
τ0
dτ ′′′CF
(
φf(xA(τ)), φ
f (xB(τ
′′′))
)
× χF
(
φf(xA(τ
′)), φf (xB(τ
′′))
)
χBb (τ
′′, τ ′′′)χAa (τ, τ
′) , (13)
where a and b are respectively the states of atom A and atom B, µ is the coupling
constant, τ the proper time and φf the free part of the scalar field. CF and χF indicate
the symmetrical correlation function and susceptivity of the field, respectively, while
χA(B) is the susceptivity of atom A (B). An analogous expression can be obtained for
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the radiation reaction contribution. From the distance-dependent part of the energy
shift δEAa obtained with this method, using the appropriate statistical functions of field
and atoms, we can obtain the van der Waals/Casimir-Polder interaction energy. This
method has also the advantage that it can be used in several different cases (atoms
at rest, atoms in a thermal field or moving atoms, for example), by substituting the
appropriate statistical functions.
5. Conclusions
We have reviewed several different physical effects related to the uniform acceleration
of atoms in the quantum vacuum, in the framework of quantum electrodynamics.
Specifically, after discussing the energy level shifts of a uniformly accelerated atom in
vacuum, we have investigated the atom-wall Casimir-Polder force for an accelerated
atom, as well as the van der Waals/Casimir-Polder interaction between two accelerated
atoms, using different approaches. We have shown that the atomic acceleration
modifies both the Lamb shift and the Casimir-Polder or van der Waals interactions.
In particular, our results suggest that significant changes to the interaction energy
between the two accelerated atoms could be observed even for reasonable values of
the acceleration, contrary to other known manifestations of the Unruh effect.
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